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SIMULATION OF A HARD-SPHERE FLUID IN 
BICONTINUOUS RANDOM MEDIA 

I.-A. PARK and J.M.D. MacELROY 

Department of Chemical Engineering, University of Missouri-Rolla, Rolla, Missouri 
65401, USA 

(Received Januarji 1988; in final form April 1988) 

The influence of solid-phase connectivity on size-exclusion partitioning and on diffusion of a dilute 
hard-sphere fluid in overlapping and nonoverlapping spheres models of porous media is investigated using 
molecular dynamics and Monte Carlo simulation techniques. Four models are examined, two of which are 
subject to constrained bicontinuity of the pore and solid phases and two in which the solid spheres in the 
assemblies are randomly distributed in space. 11 is shown that at moderate to high porosities, connected 
(bicontinuous) structures lead to a significant increase in the partition and diffusion coefficients when the 
particles of the pore fluid are of finite size. The consequences of solid phase connectivity are also clearly 
illustrated in the long-time decay of the velocity autocorrelation function (VACF) of the diffusing particles, 
particularly in the vicinity of the percolation threshold. Under these conditions the power law exponents 
on the long-time tail of the VACF arc generally found to be higher in connected models than in random 
systems and the importance of this result is demonstrated using one of the scaling rules of percolation 
theory. The simulation results are also compared with the predictions of current theories of partitioning 
and diffusion in random sphere assemblies and, with reference to experimental data available from the 
literature, it is shown that bicontinuous models are better representations of real porous media. 

KEY WORDS: Lorentz gases, diffusion, partitioning, percolation, porous media 

1 INTRODUCTION 

In the development of an accurate theory for partitioning and diffusion in solid/fluid 
composites, one of the major difficulties encountered lies in the description of the 
structure of the solid phase and the topology of the pore space [l]. For crystalline 
media (e.g. zeolites) this is not a serious problem; however, in many industrial 
processes the porous substrates or membranes employed are amorphous with com- 
plicated random internal structures. A specific class of models for such systems which 
has enjoyed popularity in recent years views the structure of two-phase composites as 
inclusions (spherical or nonspherical) randomly distributed in space [2-131. The 
inclusions are usually treated as the solid phase (“cannonball” solid) with the interin- 
clusion void space as the distributing phase. The converse (“swiss cheese”) construc- 
tion has also received attention. 

In this paper we report computer simulation results for four different models of 
cannonball solids in which, as the name implies, the solid inclusions are considered 
to be spherical. The models investigated are (i) random overlapping spheres, (ii) 
randomly connected overlapping spheres, (iii) random nonoverlapping spheres, and 
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( i v )  randonily connected nonoverlapping spheres. In each case the solid spheres are 
uniform in size with radius u, as illustrated schematically in Figure I .  Current 
theoretical results for sphere assemblies only apply for models (i) and (iii) although 
in I-eality the solid phase of any porous medium is continuous in a manner similar to 
that suggested by models (ii) and (iv). 

The distinction between models (i) and (ii) primarily arises in the range of void 
fractions $ > 0.5 since we may infer from static percolation studies on lattice and 
continuum structures [14-161 that the random overlapping system (model (i)) is fully 
connected below $ = 0.5. For  porosities in the range $ > 0.5, however. isolated 
clusters of solid spheres, as illustrated for the simple case o f a  single particle in Figure 
I(a), are permitted in the unbiased random model and these small clusters are 
dominant above the known percolation threshold (rl, = 0.71 1 for this system [14-lh] 

Figure I Schematic rep -esentations of overlapping and nnnmer!eppinp iphcrcs modcls (:I) Modcl ( I ) :  (h!  
rnodcl ( i i ) :  ( c )  model ( i i i  : (d) model ( iv) .  The shaded regions represent the solid phasc and the full circlc 
corre<ponds t o  a fluid p irticle rnovine through thc void bpace generated in each case 
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As outlined in the Appendix, the method employed here to generate assemblies of the 
type shown in Figure I(b) ensures that the individual solid spheres overlap with at 
least one or more of the other spheres in the system in such a way that only one 
macroscopically connected cluster exists regardless of the porosity of the medium. 
One of the objectives of this study is to show that the transition from the natural 
connectivity of model (i) at  low porosities to the constrained connectivity of model (ii) 
for II/ > 0.5 has very important consequences when the particles of the diffusing fluid 
within the pore space have a size commensurate with the characteristic void dimen- 
sions of the medium. 

In contrast to the overlapping models, solid phase connectivity in the random 
nonoverlapping system only exists when the individual spheres in the structure are in 
pointwise contact with one or more nearest neighbors (Figure I(d)). Here we employ 
the basic premise that a random close-packed (RCP) structure [ 17-19] of porosity 
II/ = 0.367 is fully connected (our definition of connectivity in this case is discussed 
in the Appendix) and that nonoverlapping connected sphere systems of higher po- 
rosity can be generated by randomly removing spheres from the RCP structure with 
subsequent elimination of small isolated clusters. The topological properties of these 
connected models are quite different from the random nonoverlapping system at 
moderate to high porosities since connectivity is never truly guaranteed in the latter 
case except possibly below I(, = 0.44 (very loose random packing [20]). For random 
compacts of the type shown in Figure 1 (d) with holes generated by removal of spheres 
(one such hole is schematically illustrated as an unshaded dashed circle) Kirkpatrick 
[ I  51 has shown that the percolation threshold for continuity of the solid phase occurs 
at a void fraction II/ = 0.75. Although this porosity does not necessarily represent the 
upper limit attainable for the connected nonoverlapping system since isolated clusters 
of spheres are discarded during the construction of the model, here we restrict our 
studies to porosities less than 0.75. 

To demonstrate the influence of the topology of the solid on diffusion and perco- 
lation we have conducted molecular dynamics (MD) simulations for one of the 
simplest known pore fluid models, namely a single hard-sphere particle moving 
through the pore space generated by models (i) through (iv) as illustrated in Figure 
1. The steady-state diffusion flux for isolated particles in these systems is given by 
Fick’s law 

J = - DVn ( 1 )  
where D is the diffusion coefficient and n is the local number density of the diffusing 
particles. The number density n refers to unit volume of the medium and is related, 
through the assumption of local equlibrium, to a corresponding density, no, for a 
phase devoid of inclusions, 

n = $ K n ,  (2) 
where II/ is the total porosity of the medium and K is the equilibrium partition 
coefficient. 

Solid/fluid systems of the type described above are generally referred to as Lorentz 
gases [21] and are representative of the limiting condition of Knudsen diffusion in 
porous media. Recent molecular dynamics studies of Lorentz gases [22-271 have been 
primarily concerned with two-dimensional random overlapping or nonoverlapping 
disk systems although in the earlier work of Bruin [22] results obtained from a limited 
number of simulations of the three-dimensional random overlapping spheres model 
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were reported. The M D  simulation runs conducted in the present studies arc two 
orders of magnitude longer than Bruin's and our improved statistics will allow for a 
more detailed assessment of the predictions of contemporary Lorentz gas kinetic 
theory away from and near the percolation threshold [28-35]. 

The emphasis of this paper will be on diffusion in models (i) through (iv); however, 
we will also present results for equilibrium partitioning obtained using a straightfor- 
ward Monte Carlo procedure coupled with a modification of the particle trajectory 
method described by Nakano and Evans [6]. These results will provide a basis for 
comparison with current theories for equilibrium partitioning in random sphere 
assemblies [4, 10. 111. 

In Section 2. the results of the simulations of the random overlapping and high 
porosity connected overlapping systems will be presented. The discussion will be 
preceded by a brief (outline of the reduced units employed and the reader is referred 
to the Appendix for details of the simulation methods used. The format for the 
presentation of the results for the nonoverlapping systems in Section 3 will be similar. 
and a description of the simulation procedures employed is also provided in the 
Appendix. A summary and conclusions are given in Section 4. 

2 OVERLAPPING SYSTEMS 

In all of the simulations reported here and for the nonoverlapping structures to be 
discussed in Section 3 the moving gas particle is assumed to undergo elastic, specular 
scattering during collisions with the stationary solid spheres. l'he kinetic energy of the 
particle and hence its speed, v, are constant. v and the solid sphere radius 0, are 
therefore the primary quantities used in the reduction of units. In particular wc dciine 
the reduced diffusio? coefficient 

I' 

D* = ~ivc i ,  = iim (r,*i3) [ ds* C ( r * )  ( 3 2 )  
I - I  0 

(3b)  

Equation (3a) is the Green-Kubo relation and Equation (3b) is the Einstein equation 
1361. C(T*)  is the normalizcd velocity autocorrelation function (VACF) 

C(T*) = ( v ( o ) - v ( . r * ) ) : ( 2 ' 2 )  (4 
and the dimensionless times T* and t* are in units of the mean free time T ' .  r * ( t * )  i n  
Equation (3b) is the position of the diffusing particle at time f* reduced by g , .  

For overlapping systems the appropriate collision time. T ,  . is the Roltzmann mean 
Cree time which is given by 

Tc(71/(T,) = sf = l /q7Tq+(I  + f l y )  ( 5 ,  
where n: is the number density of the solid spheres (scattering centers) reduced by 0, 

and (T is the radius o f  the moving particle reduced by 0,. Equation ( 5 )  is exact for 
random overlapping systems but understimates the mean collision time in  connected 
structures above $ == 0.5 as will be seen below. 

Another quantity which will be used during the presentation o f  the results is the 
Roltzniann diffusion coefficient Dg for completely random systems 
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DX = 1/(3zn: (1 + a)') (6) 
Equation (6) follows from Equation (3a) when the VACF is assumed to decay 
exponentially according to the expression 

C(t*) = exp (- t * )  

This simple decay is now known to be inexact, even at low densities, and the precise 
form of C(t*), particularly at long times, is one of the major issues of modern kinetic 
theory. Indeed, as we will see below, the behaviour of the long-time tail in the VACF 
plays a key role in the investigation of diffusional phenomena in two-phase random 
media. particularly in the vicinity of the percolation threshold where the concept of 
anomalous diffusion in percolation theory (see for example [37]) enters into the 
analysis. 

In all of the simulations conducted on the random overlapping spheres model 
(model (i)) the isolated diffusing particle was treated as a point of zero radius. 
However, our results can be interrelated to diffusing particles of finite size through the 
simple expression [3] 

(7) 

where I) is the total porosity of the medium. Equation (7) may also be used to define 
the partition coefficient in the random overlapping system 

K = PK,  

where P i s  the percolation probability of the medium and KT is the partition coefficient 
referred to the total porosity I) [4]. This equation will be employed later during the 
presentation of the Monte Carlo simulation results for partitioning in the high 
porosity connected system (model (ii)). We start the discussion however by first 
considering the dynamical properties of the random overlapping Lorentz gas since 
this model has been widely studied in recent years. 

2.1 Results ,for Model ( i )  

In Figure 2(a) we illustrate the VACF's obtained at several porosities for the random 
overlapping system. The structure of the VACF at short times does not differ signifi- 
cantly from the results obtained earlier by Bruin [22]; however, in Figures 2(b) 
through 2(d) we show long-time tails not accessible to Bruin due to the limited 
statistics involved in his simulations. Current theories of diffusion in the random 
overlapping Lorentz gas [30-3.51 predict a power law decay of the VACF tail given by 

!x 
C(t*)  = - - 

t*fl 
(9) 

where r is a density dependent coefficient. For low to moderate densities (high 
porosity) all theories are consistent in the prediction that the power law exponent fi 
is 2.5. Differences arise however in the theoretical results for a as a function of density 
and also for /? at high densities. The results we obtained from least-squares analysis 
of the VACF tails using Equation (9) are given in Table 1.  Within statistical error the 
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Figure 2 (a, h) Normalized velocity autocorrclation function for thc random overlapping systein. 
tiiiic hchaviour for scveral porositics. (b) The long-time tail for $ = 0.5. 0 M D  simulation: ~ 
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Figure 2 (c, d) 
~ least squares fit to a t*-'' power law decay (/I = 1.57). 

(c) As in (b) but for $ = 0.367. (d) The long-time tail for $ = 0.035. 0 MD simulation; 
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Table I Parameters foi t i e  Long-Time Tails ot the VACF Random Overlapping System 

?).64J (0.105) 400 5.0 2.0 - 

0 5 0 0  (0 165) 700 15.0 2 0  I 2  25 0.119(4) ? . ? ( ? I  

1) 3 6 7  ( 0 . 2  39 j 200 10.0 2.0 1 2 2 5  1.1(2) 2.47( X I  
0.26( 8 I 2.5 

1.7(2) 7 5  

0 2 i ( i  ( 0 . 3 3  1 1 200 h.i! 1 .o 15-30 0.8(2) 1.77(8 I 
0 1x5 i 0,403 1 200 5 . 0  2.0 15 3 0  0.61(5) 1.7?(3) 
0. I 75 (0.477) 200 1.5 6.0 I 5  4 0  0.59i4) 1.66(2) 
~!, I lN~ ( 0.60 3 ) 400 I .5 16.0 l5--4(1 0.59(3) 1.58(2) 

200 I .0 10.0 15 40 0.58(4) 1.59111 
( ). Ohl) (0.6721 400 I .5 16.0 15-40 0.55(2)  I .55(1 I 
0.0408 ( 0  7 16) 400 I .5 I 6  0 1 - 4 0  0.62(3) I .hO(2)  

200 I .5 10.0 15-40 0.65(5)  1.633)  
0.11475 (0 754) 400 I . 5  16.0 15-40 0.01(4) I .60(2) 
0 (175 10.800) 400 I .s 16.0 ! 5 4 0  0.55(4) 1.5712) 

200 I .5 10.0 I S  40 0 . 5 3 ( 3 )  1.59(21 

values for /I a t  porosities II, = 0.5 and 0.367 are in agreement with the value 2.5 and 
the fu l l  lines shown in Figures 2(b) and 2(c) correspond to the second set of par- 
ameters given in Table 1 for these porosities. In Figures 2(b) and 2(c) we also show 
the tails predicted by the mode-coupling theory of Ernst et rrl. [34, 351. This theory was 
found to be superior to the earlier theoretical results for I proposed by Keyes and 
Mercer [30] and Gotze p t  crl. [31]. The approximate expression for x given by Ernst 

t i t .  is 

The derivative appearing in this equation has been calculated by fitting the results for 
D* in Table 2 to a simple function of n: in the range nP < 0.3. The values Tor x so 
obtained were 0.23 .And 0.84 for II, = 0.5 and 0.367 respectively and, as the dashed 
lines in Figures ?(b) and 2(c) demonstrate, are in fair agreement with the M D  tails. 
The result for II, = 11.5 is in fact well within the error bounds on the simulation data 
and lend strong support to the mode-coupling method, at least for the three-dimen- 
sional studies considered here. At the higher density the agreement is not as good due. 
possibly, to the neglect of a term appearing in the general mode-coupling result for 
x [34] which involves fluctuations in the orthogonal part of the local (spatially 
dependent) difTusivity tensor. As discussed by Machta ct al. [35].  this neglected 
contribution cannot be readily evaluated due to the nonthermodynamic nature o f  the 
fluctuations involved. 

A s  the porosity ot' the medium is decreased, the results given in Table I show that 
the coefficient ct first increases and then decreases to an  average value of approxi- 
mately 0.58. (There appears to be a local maximum in r at $ = 0.0498 and, as will 
be wen below. this is a feature common t c  all of the systems investigated here as the 
percolation threshold is approached). The power law exponent /l is also seen to 
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Table 2 Simulation Results for the Random Overlapping System. 

dJ T D*h dJ0ldJC R*p” T:/$ 

0.644 
0.500 
0.367 
0.250 
0.185 
0.135 
0.080 

0.060 
0.0498 

0.0425 
0.0350 

400 
200 
200 
200 
200 
200 
400 
200 
400 
400 
200 
400 
400 
200 

0.87 1 (2) 
0.494( 1) 
0.292( I) 
0. I61 6(h)  
0.1013(8) 
0.0610(6) 
0.0204(2) 
0.2 16(3) 
0.0092(2) 
:0.0046(2) 
:0.0052(3) 

*-0.0002(3) 
t0.0004(3) 

i0.0022(2) 

1.0 
I .o 
1 .o 
I .o 
1.0 
1.0 
0.995(4) 
0.990(5) 
0.93(1) 
0.80(2) 
0.79(2) 
0.65(3) 
(0.49) 
(0.56) 

1.589 
1.004 
0.696 
0.504 
0.409 
0.343 
0.274 
0.272 
0.245 
0.231 
0.228 
0.217 
0.205 
0.203 

1 .OO( 1 )  
I .OO( 1 )  
1 .OO( I) 
l.OO(1) 
0.99(2) 
0.99(2) 
0.99(2) 
l.OO(2) 
1.01(2) 
1.01(2) 
1.01(2) 
0.99(2) 
1.02(3) 
0.99(3) 

a As in Table 1 .  

c $ o l $  IS thc opcn porosity rclativc to thc total porosity of the system 
Thc results for $ = 0 035 arc bclicvcd lo be significantly in error due to size effects. 
XT IS the mean pore radius determined from the tmjectoncs. 
T *  1s the mean frec time determined from the slmulatlons and rd  is the Boltzmann mean free ltme 
: fhcse diffusion coefficients were obtained by cxtrapolation of the long-rime talk given in Table 1. 

D’ is the reduced diffusion coefficient D:vus. 

decrease sharply reaching a value of 1.57 at the lowest porosity investigated. The 
simulated long-time tail and the least-squares fit of Equation (9) for this last run, 
Ic/ = 0.035, are illustrated in Figure 2(d). 

The observed trends in CI and ,tl are in qualitative agreement with self-consistent 
theories for the random overlapping Lorentz gas at moderate to high densities 
[31-331. In particular, the theoretical results reported by Gotze et al. [32] are in part 
supported by our simulation data in the following respects. Gotze rt al. have shown 
that one may define a time window (in our case this is 15-30 or 15-40 mean free times) 
over which one will obtain apparent values for z and varying with n: in the manner 
shown in Table 1. For times longer than the upper limit on this window the tail of the 
VACF will gradually approach the hydrodynamic power law (i.e. Equation (9) with 
/3 = 2.5).  As the percolation threshold is approached (from below with respect to n: 
or from above with respect to +) Gotze et al. suggest that the time window may be 
increased indefinitely without any observed change in the values of CI and ,tl and at the 
percolation threshold the hydrodynamic tail will recede to infinity. These predictions 
are best considered in relation to Figure 3 .  

In Figure 3 we plot the time-dependent diffusion coefficients for a number of runs 
near the percolation threshold. These results were obtained from integration of the 
VACF up to times of the order of 150-300 collision times (full circles) and from the 
slope of the mean-square displacement (see for example Figure 4) for times ranging 
from 300 to 3000 collision times (open circles (400 scattering centers) and open 
squares (200 scattering centers)). The full lines in Figure 3 correspond to extrapolation 
of the VACF tails (Table 1) using Equations (3a) and (9), i.e. 

where to* is a reference time typically chosen to be 40 collision times. 
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For times t* 5 200 the results obtained for the 200 and 400 particle systems do not 
differ appreciably. At long times however this is no longer true. For the lowest 
porosity. I) = 0.035. we observe a 40% reduction in the apparent long-time diffusion 
coefficient in going from the 200 to the 400 particle system. For larger systems it is 
expected that the time dependent diffusion coefficient in this case will approach the 
solid line given by Equation (1 1) and will coincide with this expression in the limit 
N, -+ m. We note that the porosity I) = 0.035 is within the range of the percolation 
threshold obtained by Kertesz [38] using a Monte Carlo method (his critical porosity 
is 0.034 + 0.007). Direct extrapolation of Equation ( 1  1)  using the tail parameters 
given in Table 1 provides a diffusion coefficient which is zero, within statistical error, as 
t* + n3. The agreement between this result and the Kertesz estimate of the percolation 
threshold confirms one aspect of the behaviour of the long-time tail predicted by 
self-consistent theories of diffusion in the Lorentz gas. 

0.30 

0-25 

0.20 

0.15 
D (t*) 
DB 

0.10 

0.05 

I I I 

I 0.4 0.8 1.2 
104 ts-1.5 

- 
3.13 

3.12 

0.1 I 

0 

t* (1-8) 

Figure 3 The time dependent diffusion coefficient for the random overlapping system near the percolation 
threshold. 0 Results obtained from integration of the VACF; 0, 0 results obtained from the long-time 
dope ( r *  > 300) of thc  mean square displacement for N ,  = 200 and 400 respectively. The power law 
cxponents are: /r = 1.58 (I) = 0.08): 1.60 (I) = 0.0498); 1.57 (I) = 0.035). The inset shows a fit to an 
hydrodynamic power law at very long times (SO0 < t* < 1500) for 11 = 0.08. 
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20 

0 

t* 

Figure 4 The mean square displacement as a function of time. - $ = 0.08; ---- $ = 0.0498 

As we move away from the percolation threshold the influence of size effects arising 
from density fluctuations is significantly reduced. The results shown in Figure 3 for 
Ic, = 0.0498 in fact indicate that the 400 particle system is representative of the infinite 
system and also suggest that the infinite time diffusion coefficient may be obtained by 
extrapolation of Equation (1 1). In this case the 200 particle system gives a diffusion 
coefficient which is 30% too large. For the higher porosity, I) = 0.08, we observe only 
a 6% difference between the two systems and for this reason we employed 200 
scattering centers in nearly all of the runs at  porosities II/ > 0.08 (Table 1 and 2). (For 
the case I) = 0.644 a system containing 400 particles was considered more appro- 
priate in order to reduce the possibility of channelling, i.e., collisionless motion of the 
gas particle as it passes through the fundamental cell). 

The results shown in Figure 3 for Ic, = 0.08 and for times t* > 250 also appear to 
support another prediction of the theory proposed by Gotze rt al. In this time range 
the diffusion coefficient displays a transition behaviour similar to that which one 
might expect as the power law exponent on the tail of the VACF changes from its 
value in the anomalous regime to the hydrodynamic value of 2.5. The inset in Figure 
3 shows a least-squares fit of D(t*)/D, to an hydrodynamic power law for the system 
I) = 0.08, N, = 400, over the time range 500 < t* < 1500, Le., the four points at 
long times shown in the main diagram. The fifth point to the far right of the inset at 
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I* = 410 is included to illustrate the minimum time needed to observe this apparent 
hydrodynamic tail. 

The statements in the preceding paragraph need qualification since, as Alder and 
Alley [26] have noted in their discussion of long-time hydrodynamic tails in the 
two-dimensional Lorentz gas. due consideration must be given to the possible in- 
fluence of system periodicity on the VACF tails a t  very long times. In fact they 
conclude from their results that hydrodynamic tails do not exist in moderate to high 
density Lorentz gases. In our high density system at t,h = 0.08 the upper time limit 
r* = 1500 corresponds to a diffusion time scale which is approximately equal to the 
time required for the gas particle to move from one side to the opposite side of the 
fundamental cell. The influence of periodic boundary conditions thercfore cannot be 
assumed negligible and this is apparent from the results obtained for the 200 particle 
system. This raises the following important questions: (a) Is the apparent hydro- 
dynamic tail observed in Figure 3 solely a result of the finite “horizon” associated wiih 
periodic systems? (b) Arc hydrodynamic long-time tails noncxistcnt as suggested by 
Alder and Alley? These questions lead to  an additional problem: What is thc correct 
extrapolation proccdurc one should use to obtain a reliable value for the diffusion 
coeficicnt as t*-+x? 

We havc no conclusive answers to these questions: however, we do  offer the follow- 
ing comments. To attempt to answer question (a) we can compare the results for 
i// : 0.08 and 0.0498 shown in Figure 3. The long-time results for I) = 0.0498 and 
N,  = 400 also correspond to the diffusion time scale for the system and these results 
do not appear to be seriously influenced by size effects. This would imply that the 
values for I ) ( ( * )  at higher porosities may only be marginally affected by periodic 
boundary conditions for fundamental cells of the same size. If this is true then the 
longtime data for $ = 0.08 may, in large part, reflect the influence of an hydrody- 
namic tail. This brings us to the contradiction posed by question (b), i.e., is there any 
reliable evidence to prove hydrodynamic tails exist. We believe we have convincing 
evidence for this for the nonoverlapping systems to be discussed later and this does 
not preclude the occurrence of these tails in the overlapping systems under consider- 
ation here. For this reason we feel that our results support the predictions of Gotze 
cJt ul. [32] and that extrapolation of the long-time MD results for $ = 0.08 in Figurc 
3 is favored over a direct extrapolation of the intermediate-time tail, as suggested by 
Alder and Alley [26], to obtain the infinite time diffusion coefficient. Our procedure 
may lead to slight over-estimation of D at intermediate densities since size effects can 
ncver be completely neglected; however, we believe the method proposed by Alder 
and Alley could lead to significant underestimation of D in the same density range. 

Thus far we have only considered qualitative comparisons between current theories 
of diffusion in dense overlapping Lorentz gases and our M D  simulations; however, 
we will now show that there are serious quantitative discrepancies in the results which 
these theories predict, particularly in the vicinity of the percolation threshold. In the 
anomalous diffusion regime the molecular dynamics power law exponent on the 
VACF tail is, on average, 1.59. The values predicted by the self-consistent reprcated- 
ring kinetic theory of Maters and Keycs [33]  and the memory function/mode-coupling 
theory of Gotze et [ I [ .  [31, 321 are 4/3 and 3/2, respectively. The result obtained by 
Gotze et ul. is in reasonable agreement with simulation but is still too low. In contrast, 
the more recent estimate of 1.69 provided by the random walk analysis of Machta and 
Moore [39] is too large. 

In Figure 5 the simulation results for D* (Table 2) reduced by the Boltzmann 
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D - 
DB 

+ 
1.00 0.50 0.25 0.10 0.05 0.025 

A 

0.2 - 

0 0.2 0.4 0.6 0.8 I .o 

Figure 5 The diffusion coefficient rcduced by its Boltzmann value (left ordinate axis) and the open 
porosity relative to the total porosity (right ordinate axis) as a function of reduced density (or porosity) 
for the random overlapping system. ~ 0 ~- MD simulation; 1. kinetic theory for moderately dense 
systems (van Leeuwen and Weijland [28, 291; 2. memory function/mode-coupling theory (Gotze er al. [31, 
321); 3. repeated ring kinetic theory (Masters and Keyes [33]). 

diffusion coefficient are plotted as a function of n t  (or $). Also shown are the results 
predicted by (1) the kinetic theory of moderately dense Lorentz gases, which is exact 
to order nf”’ [28,29], (2) the theory proposed by Gotze et al. [31,32], and (3) the theory 
proposed by Masters and Keyes [33]. 

Up to a density nf” - 0.4 it is seen that the repeated-ring kinetic theory of Masters 
and Keyes is in excellent agreement with the simulation results, whereas the memory 
function/mode couping approach of Gotze et al. leads to significant overprediction of 
D. The very favorable comparison with the theory of Masters and Keyes suggests that 
repeated ring events (i.e. repeated collisions of the gas particle with the same scattering 
center) dominate the diffusion process over this range of densities. The reasons for the 
poorer agreement of the theory of Gotze et al. is difficult to assess although it does 
appear to be due to the mode-coupling approximation which they employed. Masters 
and Keyes [33] have suggested that this approximation is similar to a ring (rather than 
a repeated ring) kinetic theory which leads to underestimation of the strength of the 
VACF tail (i.e. correlated events) and hence overestimation of D. 

For densities greater than 0.4 the theory of Gotze et al. is better, although it still 
does not account for the correct density trends in D. The critical percolation density 
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u s  which this theory predicts (9/471) is lower than the simulation result but is much 
better than the value n$ = 3i2n suggested by Masters and Keyes. In addition. the 
power law approach to nz (or $c), which is known from percolation theory to be of 
the form 

D -- ($ - $ c ) "  (17)  

IS better characterized by the memory function/mode coupling approximation with 
ir = 1 than by repeated ring kinetic theory wherein p = 1 2 .  

Although the theory of  Gotze et al. is better than that o f  Masters and Keyes near 
the percolation threshold. it may be seen from Figure 5 that both of these theories 
share one major deficiency. i.e., over most of the density range the trend in D i n ,  is 
concave downwards The simulation results on the other hand clearly show an 
inflexion point at a density PI,* - 0.4 which, as noted above, is the density at  which 
repeated-ring kinetic theory starts to deviate badly from the simulations. This is 
indicative of other correlated events coming into play, one possible example of which 
is the anticorrelation of the velocity of a gas particle as it enters and leaves a dead-end 
pore in the medium [39]. As the percolation threshold is approached, trapping. as 
indicated by the solid curve on the right hand side of Figure 5. will also start to 
dominate and the diffusing gas particle will be forced to move over the surface of 
increasingly larger nonpercolating clusters o f  solid spheres until, at  the percolation 
threshold, the diffusion path length needed to traverse the medium diverges to infinity. 
There is currently r o  kinetic theory available that can adequately quantify this 
hehavio 11 r , 

In addition to the kinetic o r  mode-coupling techniques discussed above one may 
also consider results predicted by the scaling rules of percolation theory. Bearing in 
mind that the molecular dynamics method (as well as the analyses involved in kinetic 
and mode-coupling theories) does not differentiate between trapped and untrapped 
states in the computation of the diffusion coefficient. than the scaling rule for D ( f * )  
provided by Gefen ct ul. [40] (see also [41]) may be used to investigate some of the 
properties of the LorentL gas near the percolation threshold. In the anomalous 
diffusion regime Gefen et ( I / .  have shown that 

D*(t*) - l:f*c' (13 )  

6 = L 1 / ( 2 Y  -t ~ 7 )  (14) 

where 

is the power law exponent in equation (12), I' is a similar exponent for the correlation 
lcngth 

5 -- I4 - $ - I  ' (15)  

P ( $ )  - (~ - $ L ) :  (16) 

and ;' is the exponer t for the percolation probability 

P ( $ )  in  thc present case is equivalent to the ratio I),,/$. (Here we employ the notation 
;% for the power law exponent in Equation (1 6) since we have used p, which is the more 
common notation, in Equation (9). We also use the notation p in equation ( 1  2) instead 
o f t  to avoid any confusion with time). 

I f  we assume $, = 0.035 then the results given in Table 2 which appear to conform 
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with Equations (12) and (16) are those for I,$ < 0.06. The estimates obtained for p and 
y are 1.3 f 0.2 and 0.3 0.1 respectively. It has been suggested [42] that void space 
percolation in the random overlapping spheres model is in the same universality class 
as lattice percolation for which [43] p = 1.90 and y = 0.45. The result we obtain for 
7 is not inconsistent with this hypothesis although our estimate of p does appear to 
be low. This may be due to the limited amount of data which we have near the 
percolation threshold, as well as the sensitivity of p and 7 to the assumed value of I,$c. 
A more direct test of the applicability of lattice percolation is to consider the value 
predicted for b(  = 1 + 6) using Equation (14) and the lattice percolation value for 
v = 0.88 [43] as well as the values p = 1.90 and y = 0.45. We find f l  = 1.59 in 
excellent agreement with the results given in Table 1. 

2.2 Results f o r  Model (ii) 

We now turn to the results obtained for model (ii) (Figure l(b)) which we believe is 
a better representation of high porosity (I,$ > 0.5), consolidated porous media. In this 
case we consider only two values of I,$. 0.644 and 0.59, and we examine the properties 
of the dilute pore fluid over a range of fluid particle sizes, 6. The simulation studies 
for I,$ = 0.644 are of sufficient extent to consider the behaviour of the VACF, the 
diffusion coefficient D*, and the partition coefficient K in the vicinity of the perco- 
lation threshold. The runs conducted for I,$ = 0.59 are, however, much shorter in 
length but serve an important purpose as will be shown below. 

The parameters obtained from analysis of the long-time tails of the VACF in the 
connected system at the porosity I,$ = 0.644 are given in Table 3. In this case we 
observe that the results for both x and f i  in the anomalous diffusion regime are 
significantly larger than in the random overlapping system. Furthermore, the range 
of conditions for anomalous diffusion is much broader in the connected system, 
corresponding to 0.9 < 0 < 1.8 for nonzero D* (see Table 4). while for similar 
conditions in the random system this range may be shown to correspond to 
0.8 < c 5 1.0 using Equation (7). 

The last run shown in Table 3 for CT = 1.80 is of interest in that it demonstrates how 
the tail of the VACF behaves above the percolation threshold. In this case the 

Table 3 Parameters for the Long-Time Tails of the VACF. Connected Overlapping System (+ = 0.644) 

0.0 
0.45 
0.90 
1.05 
1.20 
1.35 
1 .50 
I .60 
1 .go 

- 

14-35 
14-40 
14-40 
14-40 

14-40 
14-40 

40- I20 

14-40 

14-40 

- 

I .4(2) 
I .4( I )  
1.2(1) 
1.5(2) 
1.5(2) 
1.3(2) 
1.2(2) 
3.38) 
0.8(1) 

- 

2.19(6) 
I .93(3) 
1.88(3) 
1.95(5) 
I .96(4) 
1.93(3) 
I .92(5) 
2.23(6)  
1.86(4) 

* Ar* IS the timc range. m simulated coilison times. cmploycd m the least-squarcs fit of the tail lhe  results for 7; relative to the Roltrmann 
free time are given in Table 4. 

:This run was of insufficient length to determine a and b. In each run the number of scatters employed and the number of contigurations 
gcncratcd wcrc 400 and 1000 rcspcctivley The total length of tltc trajectory in any given configurarion was 16 x 103zg 

Ihe  second set of resulrs for m = 1.80 were nhtained from a least-squares fit  of In D*(r* )  10 In r* 
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Table 4 Simulation Results tor the Connected Overlapping System i$ = 0 644) 

f7 D*,' ph K ;  R ; d  7 +.Is;( 

0.0 0.952(?) I .0 1 .o 1.696 1 13(1) 
0.35 0.356(2 j 1 .o 0.484(3) 1.043 l 5 1 ( ? )  

I 0 5  0.072(2) 0.94(1) 0.132(2) 0.743 2 . 3 ( 2 )  
I .20 0.012(2) 0.7 5( 2) o.oSx(z) 0.691 2 S(2) 

:0.009(2) 0.25(3) 0.036(2) 0.546 2 . 3 2 )  
I .hO 0.006( 1 ) O. lh (2 )  O.O27( 7) 0.493 3 5 ( 2 ,  
I .80 $0 (0.039) 0.0 11( 1) 0.388 2 . 3 2 )  

(1.90 0.1 I G ( 2 )  0.991(3) 0.182(2) 0.813 2.1 l(7) 

:0.024(2) 0.48(2) 0.054( 3) 0.627 1.6(2) 

he percoldtion probahilit). ithich IS synonymoui w i l h  i,, $ in Table I t' ii cqui\.ilsnt :o $io w i f  Ihi. rno\ini: pdrliclc IS conlrdclcd 1i' 
~ arc incrcarcd in sizc to u, 7 G The nonzero value oi 'P  for li = I .XO is indicati\c of size eilects 
I:. :iijppiiig region5 Included. determined from 10' Montc C'arlii trial i nvx t ions  in cach nl'thc conligurationr 

R; IS ihc  aicrapc ihall-length 01 tire I'rcc lrnlcctorics or thc cquiialent mean pore radius f ~ h c  moving par1,i.k 1 5  Irratrd ~5 ii point dnd it,? 
y w . i t e d  S w  the connecred Fystvm These resulls represent less ihan halS of Ihe runs conducted :o ohrain the curve shoitn 111 Figore ?(h) 

\cdt:L'rcri ‘ire cnp.tndcd to ms I 7 

L ' J ~  Ircc Lime dcwrmincd l r ~ m  thc rimrilatiuni and rt; IS ihu B o l t m u m  m c m  t'rcc iimi. at  ihi. cor ropon 
Ic \  i n  I a b l c  3 and Figlire 6 are in i i i i i :s of:L* 
wion coefficien!q a e i e  oht,iined by e.;traplo;itin@ Ihe long-timc till:, i n  Iablc 1 I h c  run for 0 = I XO I 

intermediate-time tail has a power law exponent well above the average value 1.92 tor 
anomalous diffusion; however, the longtime result between t* = 40 and (* = 120 
has a value that is more appropriate to conditions at  the percolation point. It is 
expected that at higher values of CT the power law on the intermediate-time tail will 

0.10 

0.08 

0.06 n *+ 
n 
v * 

0.0 4 

0.02 

0 

u = 1.35 

- 
C 0.0 I 0.02 0.03 0.04 

t*( 1-P) 

Figure 6 The time depeident diruusion coefficient for several Huid particle sizes in the connected overlap- 
ping system (I// = 0.644). A l l  symbols are as in Figure 3. The power law exponents are' /? = 1.M 
(0 1.05) :  1.96 I~J = I 3 5 ) :  1.92 = 1.60): I 86 (a = 1.80) 
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continue to increase and the transition to a value - 1.9 will occur at  later times. The 
full line for 6 = 1.80 in Figure 6 corresponds to Equation (11) with CL = 0.8, 

= 1.86 and an infinite-time diffusion coefficient equal to zero. For times t* > 120 
the simulation results deviate from this line due to size-effects which have a much 
greater influence here than for the random overlapping structure. For 6 < 1.35 
density fluctuations are negligible and for reasons given earlier, the long-time results 
shown in Figure 6 for 6 = 1.05 are believed to be largely due to an hydrodynamic tail. 

The results obtained for D* by extrapolating the simulation data to infinite times 
are given in Table 4. Also shown in this table are the percolation probabilities P, the 
(total) partition coefficients KT , the average half-length of the free trajactories, RB, 
reduced by os, and the magnitude of the simulated mean free time T: relative to the 
Boltzmann value (Equation (5)). The latter results are typically a factory of two larger 
than T; in the anomalous diffusion regime and this simply reflects the fact that the 
generation of a macroscopically connected cluster of solid spheres using the procedure 
discussed in the Appendix is equivalent to moving small isolated clusters in the 
random overlapping structure into direct contact with the largest cluster in the system. 
(A simple example of induced solid phase continuity is schematically illustrated in 
Figures l(a) and l(b) where the isolated sphere 1 in the random model is moved to 
form a bridge in the connected system). While this only marginally increases the mean 
free time, as well as R;, for the case 6 = 0, we see that solid phase connectivity has 
a dramatic effect on the percolation properties of the overlapping spheres model at  
high porosities. Furthermore, in comparing the result for at the percolation 
threshold with the corresponding value in Table 2, we observe that the average size 
of the cavities within which an equivalent point particle is trapped is approximately 
twice as large in the connected system. This has a direct bearing on the interpretation 
of the topology of the pore space which will be considered in more detail below. 

In Figure 7(a) we plot the diffusion coefficient in the connected system reduced by 
its value for 6 = 0 as a function of 6. Also shown are the equivalent results for the 
random structure which are replotted from Figure 3 using Equation (7) with t#t fixed 
at 0.644. This figure further demonstrates the influence of connectivity of the solid 
phase and illustrates clearly the large shift in the position of the percolation threshold 
referred to earlier. In this case the transition occurs in the range 1.6 < 6 < 1.8 and 
is indicated approximately at  6 - 1.75 in Figure 7(b) where we plot the partition 
coefficients for both the random (Equation (8)) and connected systems as a function 
of 6. 

In Figure 7(b) we indicate one of the reasons we chose to conduct simulations at 
a porosity t#t = 0.644. A rarified gas has a one-to-one correspondence with infinitely 
dilute solutions of macromolecules and the open squares in Figure 7(b) are the 
experimental partition coefficients reported by van Kreveld and van den Hoed [44] for 
polystrene spheres distributed between a bulk liquid phase and the pores of a silica 
based material Porasil C .  This material is believed to have a solid structure similar to 
the sphere models under consideration here and in fact van Kreveld and van den Hoed 
found their experimental results to be in good agreement with the random overlap- 
ping spheres model. The manner in which we have plotted these results however raises 
a question concerning the validity of one of the assumptions van Kreveld and van den 
Hoed made in correlating their data. In their analysis they assumed that the equiv- 
alent radii of their polystyrene spheres were equal to 0.886 R,,  where R, is the root 
mean square radius of gyration of the polymer molecule. A more common method 
used to correlate data for macromolecular partition coefficients however is by way of 
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the radius of gyration itself [45-471. In Figure 7(b) we have plotted the experimental 
data as a function of 1- = R,/R,( = a/Rf(o = 0)) for the connected system using thc 
original values of R, provided by van Kreveld and van den Hoed as well as their value 
R, = 244A for the hydraulic mean pore radius 2$jS (S = BET surface area of the 
solid). 

The experimental data of van Kreveld and van den Hoed are seen to scatter around 
the simulation results for the connected system with the largest deviations occurring 
above 2 - 0.5. This scatter may reflect the influence of a number of factors, one of 
which could be polydispersity of the inclusions forming the solid phase of the Porasil 
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Figure 7 (a) The diff-usicn coefficient reduced by its value for 0 ~ 0 as a function of fluid particle size 
jltiwet abscissa) or perticlc reduced size i = o / R ,  (n = 0 )  (upper abscissa) in overlapping systems 
(I// = 0.644) o ~~ ~ ~ random overlapping system; ~~ ~~~~ connected overlapping system. 
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Figure 7 (b) The partition coefficient as a function of fluid particle size for the systems in (a). 
--- 0 - - - and _____ 0 _____ simulation results for the random and connected structures respectively 
(the dotted lines are the continuation of these results with trapping regions included); 0 experimental data 
of van Kreveld and van den Hoed [44] for partitioning of polystyrene in Porasil C ;  I .  - - - theoretical 
result for partitioning of a hard-sphere fluid in cylindrical pores (Equation (1  8)); 2 - - - theoretical results 
[48, 491 for partitioning of random coiling polymer molecules in cylindrical pores (Equation (17)). 

medium. Polydispersity in the random overlapping spheres model leads to smaller 
partition coefficients [l  13 since random placement of a small, unconnected sphere near 
a larger particle can significantly reduce the pore volume available to the center of the 
macromolecular solute. In the case of connected structures however we believe the 
opposite will be true, since one can imagine the reduction of a number of solid spheres 
to many smaller particles which are connectedly distributed throughout the medium, 
thereby opening the pore space to the solute. This may explain the positive deviation 
of the experimental data at small values of A. Another explanation needs to be sought 
to account for the discrepancies observed above A - 0.5 and, in particular, for the 
experimental point shown above the percolation threshold. One possible reason for 
this is given as follows. Polystyrene is a random coiling macromolecule and the 
statistics associated with coil configurations should be taken into consideration when 
comparing experimental K-values with theory. The only theory we know of which 
considers the influence of polymer chain configurations on the partition coefficient is 
that of Cassassa [48] and Casassa and Tagami [49]. For example, for cylindrical pores 
they find 
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exp ( - pi, i.' ) 
" 1  K = 4 C -  

ni= I p i  
where pm are the rocts of Jo(pm)  = 0. Equation (17) is plotted in Figure 7(b) as a 
function of i, for the connected system. The agreement with the data of van Kreveld 
and van den Hoed i s  surprisingly good even though the pores of the connected 
overlapping structure are not really cylindrical in shape. However we also observe 
that the simple expression for partitioning of dilute hard-sphere fluids in cylindrical 
pores 

K = ( 1  -- j.)? (18) 

is also in lair agreement with the simulation data. Our reasoning therefore, is that the 
connected overlapping system is a better representation of Porasil C than the random 
overlapping system and that the deviation of the data of van Kreveld and van den 
Hoed from the hard-sphere simulation results may be primarily due to polydispersity 
of the silica microspheres and coil configurations within the polystyrene macromol- 
ecules. On a more general level, the reasonable agreement between Equation ( I  8) and 
the simulation results for model (ii) at $ = 0.644 suggests that the connected spheres 
structure may be a valid model for a wider range of amorphous porous media 
particularly in view of the frequent use of the cylindrical pore model as a description 
of the void space in such systems. In this regard it  is of particular interest to note that 
i n  the range of porosities where the random overlapping spheres model is naturally 
bicontinuous ($ 5 0.5), the expression for KT given in Equation (8) is also in good 
agreement with Equation (18) for i. < 0.5. 

The diffusion results shown in Figure 7(a) are, of course, only applicable to  gases 
or. more specifically, nonadsorbing gases. It has already been noted [lo] that there arc 
few data available for comparison with size-exclusion results of the type shown in 
Figure 7(a) due to the predominant influence of adsorption and surface diffusion in 
niicropores. However, some data do exist and here we will consider one particular 
case which we feel is most appropriate to the spheres models analyzed in this paper. 

In two independent studies, Schneider and Smith [50] and Gangwal et af. [Sl] used 
pulse chromatography to determine the Knudsen diffusivity of simple hydrocarbon 
molecules in a silica gel with the same pore characteristics ($ = 0.49. RP = 1 1  A). 
For ethane diffusion ;it moderately high temperatures Schneider and Smith estimated 
a "tortuosity" factor q = 3.35 while Gangwal et al. obtained the value q = 2.4 for 
diffusion of methane. To estimate the corresponding values of q for the overlapping 
spheres model we note the following. 

The porosity of the silica gel, $ = 0.49, was determined by helium expansion 
pycnometry with the implicit assumption that the helium atom is a point particle, i.e.. 

I'able 5 Simulation Kcsult5 for thc Connected Ovcrlapping System ($ = 0.59) 

0.0 0.714(6) 1 .o 1.376 1.09(3) 
( I  114 0.5 i l ( 5 )  0.83(1) 1.168 1. I 5 ( 3 )  
I 1  '(I 0.442( 5 )  0.706(9) 1.034 1 19(2) 
0 . 2 5  0.3:<8( 4 ) 0.636(5) 0.981 1.23(3) 

~ , A \  In Tdblc 4. The perculdwn pr,babht> P was  equdl 10 I . U  in each run. The number of scatterera employed and lhc number ol.configura- 
L N N I \  ycneraied in r ach  c a w  uns 4,M and 500 r c i p e c t ~ ~ l c y  and thc iiidiwdual l rayr to r ic i  for each configuration were 2 x 10'1; in length 
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its partition coefficient K is equal to 1 .O. The helium atom, however, has finite size and 
its hard-sphere radius is given by Chapman and Cowling [52] as 1.09 A. We can use 
Equations (2) and (7) and the equation [44] 

as = -(3/2) RP ln($(a = 0)) (19) 

to show that the true orosity $ of the silica gel in the random spheres approximation 

is unaffected). We therefore find that the value of K for helium is 0.83 and the 
estimated value of E. in this case is 0.082. If we assume that this value of A also applies 
for the connected system then, in view of the weak dependence of K(1) on $ as 
indicated by the agreement between Equation (18) and the K-values for connected 
structures, we may infer from Figure 7(b) that 

Four simulation runs of comparatively short duration were conducted for the 
connected overlapping spheres model at a porosity $ = 0.59 and the results obtained 
are presented in Table 5. The nonzero reduced radii shown in this table correspond 
to helium (cr = 0.114 (1.09 A)), methane (o = 0.20 (1.9 A)), and ethane (o = 0.25 
(2.4A)). The hard-sphere radii for methane and ethane were estimated at the tem- 
perature of the experiments and the reduced radii a were determined using a = Ag 
(a = 0 )  where the values of A employed in this expression are based on RP = 13 A. 

A comparison between the results shown in Table 5 and the experimental data of 
Schneider and Smith and Gangwal et al. may be made by noting that the equation 
employed in references [50] and [5  11 to determine the “tortuosity” factor was 

is 0.59 and R, = 13 K (we assume the BET surface area S in the equation R, = 2 $/S 

= 0.59 for model (ii) as well. 

4 = * (2/3 VRP)/DP (20) 
where 4 is the experimental pore diffusivity, $ = 0.49 and R p  = 11 A. In addition 
to the corrections to $( = $KHe) and R,,  we must also take into consideration that 
the definition for & employed by Schneider and Smith and Gangwal et al, is, in our 
notation, $KiD where K, is the partition coefficient of species i (see Equations (1) and 
(2)). Furthermore, another factor that needs to be included is the influence of diffuse 
reflection which is generally accepted as being the primary mode of particle scattering 
at solid surfaces. For elastic diffuse scattering in dilute isotropic sphere assemblies, 
Derjaguin [53] and Mason and Chapman [54] have shown that a factor 9/13+ needs 
to be introduced into the theoretical expression for the diffusion coefficient (see also 
[55] ) .  There is reason to believe [57, 581 that the factor 9/13 is applicable at all densities 
nd and/or diffusing particles sizes and we assume this to be the case here. 

With the above modifications, Equation (20) can be written in terms of the dimen- 
sionless quantities provided in Table 5 as 

4 = (26/27) ( G e / ~ J  (*(a = O>/D*) (21) 
The theoretical results for the connected overlapping system are found to be 
4 = 2.93 (methane) and 3.70 (ethane). Similarly, by using Equations (7) and (8) and 
interpolating the data given in Table 2 we find that for the random overlapping model 
q = 3.16 (methane) and 4.15 (ethane). The results for the connected system are in 
better agreement with experiment, particularly for the larger diffusing species where 
we expect the influence of connectivity to be more pronounced. 

?For thermal diffuse scattering [56] this factor is 1;(1 + 77/81 which differs by only a few precent. 
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136 I.A. PARK AND J .M.D MacELROY 

To conclude this section we consider one other aspect of the void-space structure 
of the high porosity connected system which is inferred by the scaling rule of Gefen 
cr (11. [40]. In the anomalous diffusion regime we have already noted that the average 
value of the exponent in the long-time tail of the VACF for the connected system 
at $ = 0.644 is 1.92, i.e.. 6 in Equation (14) is 0.92. If we assume 6 - I then using 
Equation (14) we find Zv  - 7 or. since the power law exponent in Equation (16) is 
generally less than ur equal to 1.0. v 6 0.5. Low values of the correlation length 
exponent 1' typically arise in the percolation theory of randomly branched structures 
[59]. This suggests that the pore space of the high porosity connected system is tree-like 
and, from our earlier comment regarding the size of Rp* at the percolation threshold 
and also the magnitude of o in this range, it would seem that much of the pore volume 
resides in large cavities similar to those appearing in a number of models which are 
frequently employed to explain the characteristics of hysteresis loops in adsorption!' 
desorption isotherms (see for example [60]). We can also consider a more accurate 
evaluation of v by estimating both p in Equation (12) and 7 in Equation (16) from a 
least-squares fit of the data given in Table 4 near the percolation threshold. In this case 
the total porosity in both these equations is replaced by $ K ,  where $ = 0.644 and 
K ,  is the overall partition coefficient. By fitting the four points between 
I .05 < cr < 1.50 (the scatter in the values at cr = 1.60 appears to be too large) we 
findK, = 0.016 i 0.004(i.e.,aC - 1.75),p = 1 . 1  i 0.1.andy = 0.75 0.1.With 
j = 0.92 the value of Y is found to be 0.42 i 0.05. We also observe that the value 
of y is more consistent with percolation on a branched structure than with site 
percolation on a lattice [43]. The value of p however is quite low and we can offer no 
explanation for this at present. Although more extensive computations near the 
percolation threshold may be needed to verify this result, i t  is clear that outside the 
range of porosities in which the random overlapping spheres model is naturally 
connected. the exponents in Equations (12)-( 16) undergo a radical change when 
connectivity is enforced on the system. For porosities higher than those investigated 
here we anticipate that the exponent f l  on the longtime tail of the VACF in the 
connected system will be larger than I .9? with corresponding changes in the values 
of p .  7 and 1'. 

3 NONOVERLAPPING SYSTEMS 

The appropriate coilision time for the moving particle in nonoverlapping systems is 
tho Enskog mean free time which is given b y  

r<(via,j = 7;" = l/(nn:g(a)( I A a)'j (221 

g(a) is thc contact pair correlation function for the moving particle and one of the 
scatterers and for nonzero o is given approximately by the Carnahan-Starling Equa- 
tion [61] as 

where $ i c  the tota porosity of the medium 

$ = 1 ~ (4 3)m7? 

Equation ( 2 2 )  IS exact for random nonoverlapping systems However, we will show 
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that at low porosity (high density) errors incurred by the approximate expression for 
g(a) in Equation (23) can lead to significant deviations in the predicted mean free 
times away from the simulation results. We will also show that Equation (22) with 
Equation (23) underestimates t,*for connected structures at moderate to high porosi- 
ties. 

The framework for the presentation of the results for diffusion and partitioning will 
be similar to that for the overlapping systems although in the present case there are 
fewer theoretical results available with which comparison can be made. The diffusion 
coefficient predicted by Enskog 

DZ = 1/(3xn:g(o)(l + a)’) (24) 

will serve as a basis for the discussion of the MD simulation data and the partition 
coefficient obtained from the definition of the chemical potential in the Carnahan- 
Starling approximation [61] 

In K = a’(2a - 3)ln II, - 4 3  + 60 + a’)((] - $)/$) 

- 3a2(1 + 0)((1 - $)/$)’ - ~ ~ ( 2  - 3II, - $2)((1 - $)/@) (25) 
will play a similar role in the discussion of the Monte Carlo results for partitioning. 
Other expressions for K are available, for example from scaled particle theory [lo, 1 I]; 
however, Equation (25) is employed here due to its higher accuracy. 

3.1 Results for  Model (iii) 

To investigate the properties of nonoverlapping systems we have conducted simu- 
lations at two porosities and determined both D* and K over a range of diffusing 
particle sizes. Our first studies involve simulations at a porosity $ = 0.367 which is 
within 1 O h  of the porosity of the most dense random packing known for nonoverlap- 
ping equal-sized spheres [ 17-1 91. The random close-packed (RCP) structure has 
received considerable attention as a model for amorphous metallic glasses (see for 
example [62]) and in this respect the results to be presented below may be considered 
to be representative of impurity transport in such systems. 

In Figure 8 we plot the VACF’s obtained for two sizes of the particle moving within 
the RCP structure. The insets illustrate the characteristic long-time behaviour of the 
VACF tails from which the parameter values given in Table 6 were obtained. For 
small particle sizes the power law tail is hydrodynamic within computational error 
and the dashed line in the inset of Figure 8(a) corresponds to the theoretical result 
obtained by Ernst et al. [34, 351 for C(t*) at long times 

The quantity So(na in this equation is the eqilibrium density fluctuation and is 
directly related to the isothermal compressibility of the system. For the RCP structure 
we have used the high density equation-of-state data provided by Alder and Wain- 
wright [63] to find S,(nt)/n,* = 0.008 (this is much smaller than the corresponding 
value of 1.0 for the overlapping system and, as we will see, the significantly reduced 
effect of density fluctuations has important consequences in our simulation results). 
The derivative in equation (26) was calculated assuming D* - DZ which is a very 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
2
0
:
0
0
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



1 ZR I .A.  PARK A N D  J.M.D. MacELROY 

Table 6 Pdrdmekr\ for tbe Long-Timc Tails of the VACF Nonoverlapping System ( @  = 0 767) 

2" 

0 0 

( 1  0s 

0. I0 
0 15 
0.1'5 
0 . 2 0  
0 2 1  
0 . 2 5  

10-18 

10-22 

18-55 
18 55  
18-55 
1 x-5s 
18-55 
18-55 

0.29(6) 
I). 34( 6) 
0.84(8) 
0.91(7) 
0.7(2) 
0.50(5) 
0.42(3) 
0.33(3) 
0.39(2) 
0 .360)  

1.4( I ) 
2 5  
2.47(3) 
2 . S  
7.0( I ) 
1.63(3) 
1.51(2) 
I 4 2 ( 2 )  
I 46(2) 
1.44(2) 

' A \  in Table 7 The rciull\ for 7: re la l i~r  10 (he Enskog mean free lime esiimaied using 1he Cun,ihan-S~arhng equation lire givcn in Tahlc 

" I hc x c o n d  ~1 01 rchults li'r fl ~ 0 (1 and 0 05 w r c  obtained from n fi t  to I *  
111 c , ~ h  run the numhcr of icatterer5 employed and rhe number ofconfigurations gencralcd uerc 200 and 1500 rc~pccurcl? Thi. Icnyth 0 1  thc 

~ r ~ i l e c i ~ i n  in each individual confiruratwn w a i  16 x 102~,YC-S) whcrc I,'IC-SI I C  defined 111 I.ihlc 7 

'' 

I .o 

0.8 

0.6 
h 

*+ 
v 

0.4 

0.2 

0 .o 

-0.2 

t* 
I I I I I I 1 1 1 1  

10 I I 12 13 14 15 16 17 18 1920 

- a  

J. = 0.367 
u = 0.0 

I I 1 I I - 
2 4 6 8 10 12 

t" 

Figure 8 (a) 
fit to a t *  ? '  system (I) = 0 367. CT = I)). The inset shows the long-time tail: 0 MD simulation: ~ 

power laa decay: 

Normalized vclocity autocorrelation function for the random close-packed nonoverlapping 

mode coupling theory or Ernst ct cr l .  [34. 351. 
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t* 

1.0 

0.8 

0.6 

h 

*+ 
v u 0.4 

0.2 

0.c 

- 0.2 I 1 I I I I 
2 4 6 8 10 12 

t" 
Figure 8 (b) 
squares fit to a t*-/' power law decay ( B  = 1.44). 

VACF for u = 0.25. The long-time tail is shown in the inset: 0 MD simulation: __ least 

good approximation for B = 0 at both porosities investigated here. Using this 
approximation and the result for S,(n:) the estimated value of c1 in Equation (9) is 
found to be 0.14. This result is much lower than the simulated value 0.34 with a 
deviation comparable to that for the random overlapping system at the same value 

As the particle size u is increased the power law parameters given in Table 6 follow 
trends similar to those observed earlier for the overlapping systems. Both c1 and p 
decrease most rapidly as the value (r = 0.15 is approached and this is directly related 
to the statistical geometry of the tetrahedra of scatterers which predominate in the RCP 
structure [17-191. The triangular faces of the highest density tetrahedra have holes 
which can accommodate a fluid particle of size u < 0.155 and above this value of u 
we can expect a radical change in diffusion path characteristics. This is clearly evident 
in Table 6 with anomalous diffusion setting in at 0 - 0.2. In this case we also observe 
an average value for j? = 1.44 which is significantly lower than the results obtained 
in the overlapping systems. In light of the results for j? obtained by Gotze et al. [32] 
and Masters and Keyes [33] for the random overlapping system ( p  = 3/2 and 4/3 
respectively) it is tempting to suggest that the low value of p found here may reflect 

of $. 
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0.04 0.08 0.12 0.16 0.20 0.24 

+*( I -PI 

Figure 9 I  he time dependent diffusion coefficient ii i  the random clow picked nonoverlapping structure 
r $  = 0.367) for several fluid particle sizes near the percolation threshold D, I $  tile Enskog dift'uslon 
coetficient and the inset illu>lrates the long-time (250 < t* < 5 7 5 )  hydrodynamic power law lor B = 0.20 
I'hc I-cmaining symhols are  a s  in Figure 3. The power law exponenls for the straight lines shown in  the main 
figure arc' /i 1.42 (G = 0.20): 1.46 ( B  = 0.225): I 44 (n -= 0 2 5 )  

the importance of ring events in the RCP structure. A direct analytical investigation 
of this possibility, however, does not appear to be feasible at  prescnt. 

The time-dependent diffusion coefficients for the three largest particle skes are 
shown in Figure 9. D e  in the ordinate of this figure is the dimensional form of 
Equation (24) with g(o)  determined from the sirnulation results for T: (Table 7)  rather 
than the Carnahan-Starling equation. It is noteworthy that even though the number 
of  scatterers employed is comparatively small (A', = 200) the influence of density 
fluctuations near the percolation threshold is essentially nonexistent. For c = 0.225 
and 0.25 direct extrapolation of Equation (1 I )  with the parameters in Table 6 is 
indicated to determine the infinite-time diffusion coefficients given in Table 7 and the 
percolation threshold is seen t o  occur at the value c = 0.2.5. 

The results for 0 I= 0.20 shown in Figure 9 also provide a resolution to one of the 
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Table 7 Simulation Rewlts for the Random Close-Packed Nonoverlapping System ($ = 0 367) 

0.0 
0.05 
0.10 
0.15 
0.175 
0.20 
0.22s 
0.25 

0 2422(8) 
0 1638(6) 
0 1040(2) 
0 0496(2) 
0 0294( 1 ) 
0 01657(1) 
: 0 0043(2) 

z - 0 00002( 5) 

1 .o 
I .0 
I .o 
I .O 
I .000(2) 
l.OO(1) 
0.71(5) 

(0.16) 

1 .o 
0.79(2) 
0.56(1) 
0.37(1) 
0.29(1) 

0.170(8) 
0.127(7) 

0.22( 1) 

0.406 
0.326 
0.265 
0.219 
0.202 
0.187 
0.173 
0.158 

I .000(3) 
1.125(4) 
I .218(5) 
1.276(6) 
1.33(1) 
1.39(2) 
1.4 l(3) 
1.39(5) 

“ A s  in Table 2. 
’ A s  111 Tablc 4. We beliebe Ihc exi>tcncc u f a  nonzcio value for P a t  d - 0 25 i s  indicative of size eWcts 
‘ - 2 7  in Tahle 4. 

for the contact pair correlation function. All ttme mile5 in T a h e  6 and Figures 8 and 9 are in units of r:. 
:These ddfu,lun coefiicienls wcrc ubidinrd by entrapoldling the long-lime tail, given in Table 6. 

rf 15 the mean free t m e  determined lroni the s i m u i a t ~ ~ n s  and ? (C-Sl IS the tnrkog frce time estimated usmg the Carnahan-Starling equatwn 

issues raised earlier in the discussion of the random overlapping system, namely the 
existence or nonexistence of hydrodynamic tails at  very long times. The four open 
circles shown in this case correspond to the time-dependent diffusion coefficients 
obtained from the slope of the mean-square displacement in the time range 
250 6 t* 6 575. The upper limit t* = 575 was found to be the average time required 
for the diffusing particle to travel a distance equivalent 0.48 L* where L* is the side 
length of the fundamental cell in units of oS. Noticeable deviations from the straight 
line obtained by extrapolating the intermediate-time tail with p = 1.42 are also seen 
to occur as early as t* - 100 which corresponds to a root mean-square displacement 
of 0.24 L* ( - 2.6 0,). We feel that these distances are short enough to disregard any 
effects which may arise due to the periodic boundary conditions and that the long- 
time results shown in Figure 9 are therefore solely due to an hydrodynamic tail. To 
illustrate this, the inset in Figure 9 indicates the accuracy with which the hydrody- 
namic power law can correlate the four long-time points shown in the main figure. 

The equlibrium and dynamical properties determined for the RCP Lorentz gas are 
presented in Table 7. The Enskog mean free times employed in computing the results 
given in the last column of this table were calculated using Equations (22) and (23) 
and the differences observed are due to overestimation of g(a) in the Carnahan-Starl- 
ing approximation. Equation (23) is exact only for point particles ((T = 0) at  this high 
a density. Wc also note the non-zero value for the percolation probability P at the 
percolation threshold. illustrating the influence of finite system size even though 
density fluctuations have a negligible effect on D*(t*)  for the time range shown in 
Figure 9. 

In Figure lO(a) we plot the diffusion coefficient relative to the point particle Enskog 
value Df’/vo,  = 4$/9( I-$) as a function of diffusing particle size. Also shown in this 
Figure are the results predicted by Enskog’s equation with g(u) corrected for particle 
size effects using the simulated mean free times given in Table 7. Enskog’s theory is 
quite accurate for (T = 0 which is not surprising in view of the near exponential 
behaviour of the VACF in this case (Figure 8(a)). However, as (T approaches the 
percolation threshold, dynamical correlations arising from backscattering and trap- 
ping (as indicated by the negative region in the VACF shown in Figure 8(b)) dominate 
the diffusion process and Equation (24) is understandably poor under these con- 
ditions. 

The result for D* in the case (T = 0 is of interest in light of the theoretical 
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x 

- 0  0.05 0.10 ~ 0.15 0.20 0.25 

Figure 10 Diffusion and partitioning in the random close packcd nonovcrlapping system i$ = 0.367). 
( t i )  'The diffusion coefficient reduced by its Enskog value for u = 0 as a function of u (lower abscissa) or 
i (upper abscissa) -- 0 ~ M D  simulation; -~ -~ Enskog equation. 
(b)  The partition coetficient as a function of fluid particle size for the system in (a).  0 ~~~~ sirnulation 
(the dashed line continuation represents the simulation results with trapping regions included). ~ ~ - ~ 

predicted by the Carnahan-Starling equation (Equation (251). 
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calculations of van Leeuwen and Weijland [28, 291 and Masters and Keyes [64]. At 
low to moderate densities the exact expression for D* with CT = 0 is 

D* = [3rcn:(l + (4/3)xn,* + 1.234n,*+ O(n,*’ln n a  + ----)I-’ (27) 

The term (4/3)7rn: in the denominator of this equation is the first density correction 
predicted by Enskog through the contact pair correlation function g(a = 0). The 
second term of order n t  is the correction arising from dynamical correlations and is 
seen to represent a significant contribution to the density dependence of the diffusion 
coefficient. In contrast, we find Enskog’s equation alone, with possible minor correc- 
tions due to dynamical effects, to be adequate at the high density corresponding to 
t,b = 0.367 (and also t,b = 0.644 as will be seen below) and this suggests at least a 
partial cancellation of the contribution 1.234n,* by higher order terms in the expansion 
in Equation (27). This observation raises a question concerning the applicability of the 
ad hoc formulation of D* recently proposed by James and Evans [27]. In their studies 
of the two-dimensional nonoverlapping Lorentz gas James and Evans found that, by 
simply replacing the inverse density expansion for D* by a multiple of g(o = 0) and 
the leading dynaniical corrections, very good agreement with their simulation results 
could be obtained. If we apply this procedure to the three-dimensional case, noting 
that the logarithmic term in Equation (27) is negligible, we find for CT = 0 

D/DE = l / ( l  + 1.234n:) 

For t,b = 0.367 this predicts DID, = 0.84 which is significantly lower than the value 
0.94 shown in Figure lO(a). 

In Figure lO(b) we compare the partition coefficients obtained from the simulations 
with the results predicted by Equation (25). The overestimation of size-exclusion 
effects found with the Carnahan-Starling equation for g(o) is again reflected in the 
lower K-values which this approximation provides. As expected, Equation (25) also 
fails to predict a percolation threshold which is a natural consequence of the allowed 
configurations in the random mixing statistics upon which this equation is based. A 
cavity connectedness function analogous to the particle pair connectedness function 
employed by Chiew et al. [8] and by other studies cited therein would need to be 
analyzed in order to correct this deficiency in Equation (25). 

3.2 Compurison of Results from Models (iii) and (iv) 

The second set of runs conducted for the nonoverlapping spheres model were at a 
porosity t,b = 0.644. In this case a limited number of simulations for the random 
nonoverlapping system (model (iii)) were carried out primarily for qualitative com- 
parison with the connected nonoverlapping structure (model (iv)) and the results 
obtained for both systems are presented in Tables 8 through 1 1  and in Figures 1 1  and 
12. 

The results given in Tables 8 and 9 for c1 and p in the longtime tails of the VACF 
demonstrate features similar to those observed in our earlier comparison of the 
random and connected overlapping systems at high porosities. For the random 
nonoverlapping structure the percolation threshold occurs at  the lower value 
ac - 0.625 compared with the critical value CT, - 0.975 for the connected system. The 
results obtained for a and 0 near the percolation threshold are also significantly 
smaller in the random system than in the connected system although these differences, 
particularly with regard to the values of 0 (1.51 (random) and 1.64 (connected)) are 
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Table 8 Pudmeters for the Long-Time Tails ot the VAC'F Random Uonoverldpplng Sbstem (p  ~ 0 644) 

not nearly as large as in the overlapping systems. This suggests that solid phase 
connectivity has a weaker effect on the topology of the pore space in the nonoverlap- 
ping spheres model. 

The last two sets of parameter values given in Tables 8 and 9 for li = 0.7 and 1 .OS 

- *+ 
a 
v * 

0.0 I2 

0.010 

0.008 

0.006 

0.004 

0.002 

n 

I 1 1 I I 

0.01 0.02 0.03 0.04 0.05 0.06 
+*W8) 

k'igurc 11 (a) l )*(r*)  above the percolation threshold for the random nunoverlapping system ($  ~ 0 6441. 
Tlic circles ai-e the simulation rew!ts as a function of I*"' with 0 = I 65: VACF integration; 0 long-time 
slope of the nieiiii square di\placcnient: ~ Equation ( 1  1) with /I = I 65. 7 = 0.82. The squares are the 
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I 1 -  1 -  I I 

(b )  

J, = 0.644(CONNECTED) 
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0.02/ 1- u = 1.050 

, -  

0 7 '  I I I I 

+*w1 
Figure 11 (h) 
cr = 1.05 is abovc the percolation threshold and the power law exponents are: 
(a = 0.8); 1.62 (U = 0.975): fi  = 1.65 (a = 1.05). 

D*(t*) in the connected nonoverlapping system for several fluid particle sizes. The case 
= 1.64 (cr = 0.7); 1.64 

respectively also illustrate an effect briefly alluded to in the discussion of the connected 
overlapping system. Both of these particle sizes are above the respective percolation 
thresholds and in Figure I 1  we can clearly see how the supercritical transition 
behaviour of the VACF can influence the correct extrapolation of D(t*) to find an 
infinite time diffusion coefficient equal to zero. The upper plot of full and open circles 
in Figure 1 I(a) is the time dependent diffusion coefficient expressed as a function of 
t*''-b) with p given by the intermediate-time value 1.68. The accompanying solid line is 
Equation ( I  1) with the S a m  value of and a = 0.82 and we see that extrapolation 
of this line to infinite time gives an incorrect (positive) value for D*. A transition from 
the power law exponent of 1.68 to a lower value at long times is however indicated 
at I* - 90 and the squares shown in Figure 1 l(a) are the long-time results for D*(t*) 
in the time range 200 < t* < 3000 replotted as a function of t*('-8) with p = 1.55. 
The results given in Table 9 and plotted in Figure 1 l(b) for c = 1.05 in the connected 
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rable 9 P'irdmzters for the Long-Time Tdils of the VACF Connected Nonoberlapping Sytem 
sli I1 6441 

I 

1-28 
1-28 
5-50 
5-50 
5-50  
5- 5u 
5-50 
0- 1 1 50 

system further empnasize this behaviour. In this case the power law changes from 
p 1 .X? to 1.65 a t  t* - 100 and the straight line represents a fit of D*(t*)  to /*'I-''' 

with  /i = 1.65 in the range 100 < I* < 1150. In both the random and connected 
systems we also observe that the transition of the tail of the VACF to a power law 
characteristic of the percolation threshold is accompanied by a significant lowering in 
the magnitude of z The manner in which x varies through the transition region is 
most clearly seen I'rom the results for the connected system in Table 9. In the 
subcritical anomalous diffusion regime a increases from a value of 0.68 to a maximum 
of 0.9 and then drops to 0.7 a t  the percolation threshold. Above the percolation 
threshold the long-time value for a continues its downward trend and we can surmise 
that i t  eventually goes to zero for large enough (T. 

Although the only theoretical results currently available for the supercritical region 
pertain to the random overlapping system [31, 321, we may assume that these results 
should at  least qualitatively apply to other structures. In the supercritical region 
Gotze et a/ .  [31, 321 predict that both a and f i  will increase from their values at  the 
percolation threshold as the scatterer density (or conversely the diffusing particle size 
a )  is increased. This is indeed what we observe for the intermediate-time tail par- 
ameters given in Tables 8 and 9. However. the inference from theory is that this trend 
in x and /j refers to .he tail of the VACF at very long times and this is contrary to the 
results obtained from the simulations. Our only conclusion at  the present time is that 
while the theory of Gotze r /  ul. is qualitatively correct in its prediction of the 
properties of the Lorentz gas below the percolation threshold, serious inconsistencies 
arise in the supercritical region. 

The long-time properties determined for the random and connected nonoverlap- 
ping systems are given in Tables 10 and 1 1  respectively. For  the random system at 
u/ = 0.643 the Enskog mean free times calculated using the Carnahan-Starling equa- 
lion for g(a) are seen to be in excellent agreement with the simulation values. This is 
not true for the connected system except for a = 0 where g(a = 0) = 1/11, is exact 
regardless of the toDology of the nonoverlapping structure. For a > 0 the mean free 
times and free trajectory lengths are significantly larger in the connected spheres 
model for reasons similar to those given earlier for the connected overlapping system. 
The increase in si2e of the percolating cavities in going from the random to the 
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Table 10 Simulation Results for the Random Nonoverlapping System ($ = 0.644). 

0.0 0.761( 1) 1 .o I .o 1.266 l.OOO(2) 
0.4 0.12 l4(6) 1 .o 0.283(5) 0.427 1.01(1) 
0.55 :0.0260(4) 0.993(3) 0.121(3) 0.316 1 .OO( 1) 
0.7 0 (0.048) 0.038(2) 0.244 0.99(5) 

"As in Table 2. 
bAs in Tables 4 and 7. 
:The time dependence of 0' for (i = 0.55 was found l o  by hydrodynrmic for times greater than I* = 300. 
The run for B = 0 7 is abovc the percolation threshold 

Table I1  Simulation Results for the Connected Nonoverlapping System ($ = 0.644) 

0.0 
0.3 
0.45 
0.7 
0.8 
0.9 
0.975 
1.05 

0.774(2) I .o 
0.322(2) 1 .0 
0.23 1( 1) 1 .o 
0.090( 1) 1 .0 

:0.033(1) l.OOO(4) 
0.0068(4) 0.84(12) * - 0.0006(8) (0.17) 

'0 (0.049) 

I .0 
0.554(8) 
0.390(7) 
0.184(6) 
0. I24(4) 
0.079(5) 
0.057(4) 
0.040(3) 

1.264 
0.921 
0.781 
0.512 
0.430 
0.383 
0.376 
0.368 

1.007(4) 
I .84(3) 
2.22(2) 
2.36(6) 
2.36(9) 
2 3 1 )  
2.8( I )  
3.0(2) 

'As an Table 2 
hAs in Tables 4 and 7. All time scale3 in Table 9 and Figure I I(b) are in units of z:, 
: rhese diffusion coefficients were obtained by extrapolating the long-time tails given in Table 9. 'The run for n = I 05 is abore the percolation 
threshold. 

connected structure is also somewhat similar to the result observed in the overlapping 
models although the change is not as large in the present case. 

In Figure 12(a) the diffusion coefficients relative to the point particle Enskog value 
are plotted as a function of diffusing particle size. The dashed line in this figure 
represents the results predicted by Enskog's theory for CT > 0 and should be com- 
pared with the simulation data for the random system (open circles). The apparent 
cornpatability of this theory with the results obtained for the connected system in the 
range 0 < cr < 0.5 is fortuitous although we do note the very good agreement 
between the random system and connected system diffusion coefficients and D, at 
o = 0. As o is increased we observe the expected increase in the relative magnitude 
of D in the connected structure with a significant shift in the position of the percola- 
tion threshold as indicated by the arrows. 

In comparing the results shown in Figure 12(a) with the corresponding values in 
Figure 7(a) for the overlapping systems, we see that the most important differences 
occur at or near the percolation threshold. Since the magnitude of D(EO) in Figure 12(a) 
is - D'"' we find that the diffusion coefficients within nonoverlapping structures are 
typically lower than those in overlapping systems at the same value of 1, in the 
transition region. This observation and the lower percolation thresholds obtained in 
the nonoverlapping models reflect the influence of density fluctuations which are 
broader in overlapping sphere assemblies and hence allow for a wider range in pore 
sizes. For smaller particle sizes however the distinction between both types of models 
is minor. To illustrate this we can reconsider the experimental data obtained by 
Schneider and Smith [50] and Gangwal et al. [51] for diffusion of ethane and methane 
in microporous silica gel. Here we only estimate the "tortuosity" factors for the 
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x 

Y 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
I 

(a)  

- 
JI =0.644 

- 

- 

- 0.2 - 

0 0.2 0.4 0.6 0.8 I .o 1.2 

x 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

CT 

I 

( b )  

- 
$ =0.644 

- 

- 

0.2 - - 

0.4 0.6 0.8 1.0 1.2 
U 

ligure 12 
1 2 1 )  As in Figure 10. ~- 0 

Dinusion and partitioning in nonoverlapping spheres rr~odels ($ = 0.644). 
0 MD simulation for the connected and random structures respeciivcly. 

Enskog equation. Tbe arrows indicate the approximate position of the percolation thresholds in both 

(h)All symbols are as in figurc 7(b). The Carnahan-Starling equation (equation (25)) coincides with the 
reaulh for the random sys?ern, trapping regions included. 

L'ascs. 
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connected nonoverlapping system since the simulation results in this case are more 
complete. 

To determine the total porosity of the silica gel and the partition coefficient of 
helium in the connected nonoverlapping spheres model, we observe from the results 
given in Tables 7 and 11 that the partition coefficient KT at any given value of 2 in the 
range 1 < 0.5 is essentially independent of porosity. Therefore, using Figure 12(b) 
and the initial values I+!I = 0.49 and R, = 11 8, with oHe = 1.09 8, [52], we find that 
the partition coefficient of helium is KHe = 0.83 and the true porosity is I) = 0.49/ 
KHe = 0.59 (note the agreement with the connected overlapping spheres model). 
From Figure 12(b) we also find that the partition coefficient for methane is 
0.71(3. = 0.144) and for ethane is 0.64(2 = 0.181). Furthermore, when the ratio 
DID(’) obtained from Tables 7 and 11 is reconsidered as a function of I., it is found 
that the results for this ratio at any given value of I do not deviate by more than 10% 
in the range 0 < A < 0.3. Since the porosity rf/ = 0.59 is quite close to the value upon 
which Figure 12(a) is based, we may therefore use this figure to estimate DID‘’) with 
reasonable accuracy ( 5 2 %  error). The values of DID“’ so determined are 0.57 
(methane) and 0.50 (ethane), which are approximately 6% lower than the correspond- 
ing results for the connected overlapping system. Finally we note from the results 
given in Tables 7, 10 and 11 that for point particles the ratio D*/Rg is, with little error, 
independent of both the topology and the porosity of the medium. Using the value 
D* /e (a  = 0) = 0.61 at  $ = 0.644 and the preceding estimates for K and DID‘’) 
then the “tortuosities” predicted by Equation (21) for the connected nonoverlapping 
spheres model are 2.68 (methane) and 3.39 (ethane), both of which are in good 
agreement with the experimental values 2.4 and 3.35 respectively. These results in fact 
suggest that the connected nonoverlapping spheres model better represents the struc- 
ture of silica gel than the overlapping model and indicate that the colloidal silica 
particles formed during the manufacture of the gel do not interpenetrate one another. 

In Figure 12(b) we plot the partition coefficients obtained for both the random and 
connected nonoverlapping systems. In this case, as with g(o ) ,  the partition coefficients 
predicted by the Carnahan-Starling equation (Equation ( 2 5 ) )  for the random model 
are in very good agreement with the simulation results for K T .  Also shown in this 
figure are the experimental data obtained by van Kreveld and van den Hoed [44] 
plotted as a function of 2 = R,/R,(a = 0). These data are again seen to scatter 
around the simulation results for the connected system although we observe much 
better agreement with the simulations at low values of A. For i 2 0.3 the data tend 
to deviate towards the theoretical results predicted by Equation (17) and we believe 
this provides strong support for the contention that coil configurations in the polysty- 
rene macromolecules are a dominant factor in very small pores. We also note the 
suprisingly good agreement between the simple expression given in Equation (1 8) and 
the K-values obtained for the connected model. This observation and the trends in the 
data of van Kreveld and van den Hoed suggest that the connected nonoverlapping 
structure may also be an improvement over the overlapping model as a description 
for the solid phase of Porasil C .  

Before concluding, it is worthwhile to briefly consider one further aspect inferred 
by the results for a given in Tables 6, 8 and 9. For percolation on a lattice we have 
already noted in Section 2 that the value of is 1.59 in agreement with the result 
obtained for the random overlapping system. For the connected overlapping system 
at high porosity the power law exponent was found to be more appropriate to a 
randomly branched pore structure. In the case of the nonoverlapping systems how- 
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ever none of the values obtained for p conform with lattice percolation theory. 
Unfortunately, the limited amount of data obtained here for the percolation proba- 
bilities and the diffusion coefficients in the subcritical anomalous diffusion regime do 
not permit estimation of the parameters p and y in Equation (12) and (16) and for this 
reason we can provide no explanation for the low values of observed in the RCP 
and random nonoverlapping structures (except possibly with regard to the import- 
ance o f  ring collisional events mentioned earlier). However, the larger value of 
/i = 1.64 in the high porosity connected system may bc indicative of a tree-like pore 
structure which is qualitatively similar to that of the connected overlapping model at 
the same porosity. In view of our  definition of connectivity in the nonoverlapping 
system (i,e. the RCP structure is considered to be naturally connected), the large 
increase in fl in going from $ = 0.367 to $ = 0.644 also suggests that f i  will continue 
to increase for porosities greater than 0.644 thus emphasizing the possible role of pore 
branching. 

3 SUMMARY AND CONCLUSION 

The appeal of random sphere models o f  porous media lies in their simplicity and in 
their ability to provide a framework within which one may investigate the properties 
of fluids in amorphoiis materials while at the same time incorporating a rational 
approach to the structure of the solid phase. Current models in this area are however 
limited with regard to their treatment of the topology of the solid. I t  has been one of 
the objectives of this paper to demonstrate the importance of bicontinuity of the solid 
arid pore phases in random assemblies of solid spheres particularly when the pores 
and fluid particles have dimensions of commensurate size. 

A comparison of the simulation results obtained for the connected overlapping and 
nonoverlapping models with available experimental data on partitioning and dif- 
fusion in porous materials has shown that these structures are better representations 
of the solid (inclusion) phase than completely random models. In the two cases 
considered (Porasil C [44] and silica gel [50, 511) it was found that the connected 
nonoverlapping spheres structure provided better agreemen1 with the data than the 
connected overlapping system, in support of its applicability as a model for porous 
solids formed from colloidal suspensions as well as pelletized or mildly sintered 
particle packings. This does not however preclude the possibility that the overlapping 
system may provide a better description of other media particularly at  low porosities 
or for systems that exhibit a strong $-dependence of the free molecule diffusion 
coefficient D*(cr = 0) From an analysis of the long-time tails of the VACF we also 
found that constrained connectivity in random sphere assemblies radically influences 
the pore space percolation properties as the porosity is increased above $ = 0.5. 
Under these conditions the power law exponent on the VACF tail increases signifi- 
cantly and the geomctric properties of the pores display characteristics akin to a 
randomly branched sl ructure, particularly in the case of the connected overlapping 
spheres model, with large cavities similar to those inferred from the hysteresis loops 
of adsorptionldesorption isotherms. 

The simulation results obtained for the time-dependent properties of the pore fluid 
also enabled a detailed comparison with current theories of diffusion in Lorentz gases. 
In particular we have shown that the mode-coupling method of Ernst rt al. [34, 351 
is qualitatively correct in  its assessment of the magnitude of the hydrodynamic tail of 
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the VACF although much work still needs to be done. In the vicinity of the percola- 
tion transition the theory of Gotze et al. [31, 321 under subcritical conditions is also 
qualitatively supported by our results. This theory and the kinetic studies of Masters 
and Keyes [33] emphasize the existence of hydrodynamic effects at very long times and 
these were indeed found to have an important bearing on the evaluation of the 
infinite-time diffusion coefficients near the percolation threshold. In the supercritical 
regime however, inconsistencies appear to arise in the theoretical results predicted by 
Gotze et al. and futher studies in this area are clearly needed. 
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APPENDIX 

In most of the computations we have employed standard simulation techniques with 
minor modifications which we briefly outline here. The random overlapping spheres 
structures were generated by random placement of spheres in fundamental cells of 
side-length L*, the latter being determined both by the desired porosity and number 
of scatterers (Table 1) using Equation (7). In generating the connected overlapping 
structures we used the cluster labeling algorithm described by Hoshen and Kopelman 
[65] and Gawlinski and Stanley [66]. These computations involved iandom placement 
of the spheres with sequential labeling and scanning for overlapping neighborhood 
particles as each new sphere was added. After addition of a preset number of 
scatterers, corresponding to a porosity slightly lower than the final desired porosity 
of the connected structure, the cluster labels assigned to each particle and the number 
of particles belonging to each cluster are stored in two vector arrays. A straightfor- 
ward search provides the largest cluster and a sorting routine reassigns the particle 
coordinates in this cluster in a sequential manner. The particles in the smaller clusters 
are then discarded. The large cluster is checked for sample spanning between the faces 
of the fundamental cell in one or more of the x, y and z directions (connectivity with 
at  least one image particle in opposite faces of the cell was used as a criterion for 
sample spanning). Once sample spanning has been verified new particles are randomly 
added to the cluster to bring the porosity of the cell to its desired value. In operation 
it took approximately 0.2 sec or less to generate a single configuration for the connected 
overlapping system at JI = 0.644 on a Cray-XMP computer. To obtain this porosity 
and a final particle number N, = 400, the initial porosity of the labelled random 
systems was chosen to be 0.61 and a few trial configurations indicated that a side- 
length for the cell L* = 15.316 would give a connected system with $ = 0.644. 
During the cluster search only those large clusters containing between 350 to 400 
particles were chosen as the backbone for the connected system. Subsequent filling of 
the cell to give N,  = 400 in 1500 configurations gave an ensemble average porosity 
of $ = 0.644 i 1%. Similarly, for the connected overlapping system at 
$ = 0.59 f 1% it was found that a fundamental cell of side-length L* = 14.467 
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would accommodatc 400 connected spheres with the initial porosity of the labelled 
random systems taken as 0.56. 

The random close-packed nonoverlapping system was generated using the 
procedure described by Mason [18]. Two prototype systems were constructed, one 
containing 200 scatterers and the second containing 800 scatterers. The first system 
was employed as thc “sced” configuration in the simulations on the RCP structure 
reported in the paper. Each new configuration of the 1500 generated was obtained 
after 2 x lo5 trial moves in the Montc Carlo procedure of Metropolis er al. [67]. A 
significant savings in CPU time was achieved by using a neighborhood list of the shell 
particles surrounding any given particle since the same nearest ncighbors were always 
involved at  the high density corresponding to $ = 0.367 [68]. The Configurations for 
the nonoverlapping connected system at the porosity $ = 0.644 were generated using 
the 800 particle RCP “seed” configuration. In this case 200 new RCP configurations 
were obtained during the course of 3.2 x 10’ Montc Carlo trial moves on the original 
structure. From each of these configurations five connected systems were generated 
giving a total of 1000 connected configurations. The manner in which the individual 
connected sphere assemblies were obtained was similar to that described above for the 
overlapping system but with the following modifications. Contact connectivity of 
random nonoverlapping sphere assemblies is never assured in Monte Carlo simu- 
lations. and in order to define connectedness the solid phase percolation properties of 
the KCP configurations were examined by gradually increasing the size of the spheres. 
In all cases an increase of one percent or less in the diameter of the spheres resulted 
in cornplctc connectivity. This expansion factor was used to define connected clusters 
a t  I) = 0.644. An individual connected structure was generated by randomly remov- 
ing 335 particles from onc of the 200 RCP configurations containing 800 spheres. A 
cluster search using the expansion factor defined above and a labeling routine similar 
to that outlined earlier provided the largest connected cluster in the cell. Only those 
clusters containing between 445 and 455 particles were examined for sample spanning 
with the result that $ = 0.644 i 1 %  for the ensemble of configurations. 

Although the nonoverlapping systems described above are not truly connectcd we 
feel that for the purposes of demonstrating the influcnce of solid phase topology on 
partitioning and diffusion of fluid particles in the size range 0.3 d (T < 1.05 (Tables 
9 and 1 1 )  the effect of a separation distance d0.02 between the surfaces of nearest 
neighbour solid spheres is negligible. The most time consuming part involved in the 
procedure was in generating the RCP configurations ( -  30 seconds per configuration 
on a Cray-XMP). The time required to obtain a connected nonoverlapping structure 
was comparable to that needed in the overlapping case. 

The configurations for the random nonoverlapping system at $ = 0.644 were 
generated from a face-centered cubic lattice using the standard Monte Carlo 
procedure of Metropolis et a1 [67]. The initial FCC structure was chosen for its 
“looseness” and to provide an unbiased comparison with the connected system at the 
same porosity. 

The molecular dynamics procedure employed to determine the time dependent 
properties and the diffusion coefficients reported in this paper was the same as that 
describcd by Bruin [22] and the reader is referred to that source for details. Apart from 
differences in the underly-ing structure of the scattering medium the only major 
difference in our work is the length of the individual trajectories which were between 
2 x lo3 and 16 x lo3 mean-free times long. Our reasons for computing trajectories 
of this length were twofold: (i) to obtain improved statistics and ( i i )  to determine 
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percolation probabilities in a manner similar to that outlined by Nakano and Evans 
[6]. This procedure entails tracking the distance travelled by a given particle from its 
origin. If this distance should equal the side-length of the fundamental cell in either 
the x, y ,  or z directions at any time during the trajectory than the original starting 
point of the particle is considered to be in the open pore space of the medium. The 
number of percolating trajectories were counted during the course of a given run and 
the times taken for the particles to diffuse across the fundamental cell were recorded. 
A typical plot of the distribution of trajectory times displayed a peak at intermediate 
times followed by an exponential decay at very long times. To estimate the number 
of trajectories which would have eventually proven to be percolating the tail of this 
distribution was fitted to an exponential. The number of these trajectories was usually 
a small percentage of the total number actually recorded during the simulation except 
at the percolation threshold where, as we have noted in the paper, the influence of 
system size severely limits the reliability of this method. 

The two remaining quantities calculated were the average pore radii and the 
partition coefficients. The average pore radii were determined during the MD simu- 
lations and simply correspond to one half the average length of the free particle 
trajectories between successive collisions with the scattering centers. The partition 
coefficients were determined using a standard Monte Carlo insertion technique. 1 O3 
trial insertions were carried out on each configuration and for each particle size 
recorded in the main text as well as for other particle sizes in order to obtain K as a 
function of cr. This method provides the total partition coefficient and does not 
differentiate between closed and open pore regions. In the vicinity of the percolation 
threshold the results shown in Figures 7(b), 10(b), and 12(b) were obtained by 
multiplying the total partition coefficients by the percolation probabilities. 

With the exception of a few runs for the random overlapping system and the 
connected overlapping system (9 = 0.59) which were carried out on an FPS-164 
computer, all of the results presented here were obtained using the Cray-XMP 
supercomputer at the National Center for Supercomputing Applications, Urbana- 
Champaign, Illinois. 
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